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Abstract 

A systematic approach to the geometric structure of stationary gravitational fields is 
presented. The algebraic type of the trace-free Ricci tensor together with the propaga- 
tion properties of the eigenrays in the background 3-space defined by the Killing 
trajectories serve as a basis for classifying the solutions of the stationary field equations. 
The eigenr~ys are the integral curves belonging to the solutions ~A of the eigenvalue 
problem GA~ B = #~A, G~ spinor representing the gravitational field in the background 
space, Many of the already known stationary metrics can be derived in the present 
scheme but new solutions of the field equations are also obtained. The possible types of 
the vacuum and electrovae fields are discussed in their connection with the corresponding 
exact solutions. 

1. Introduction 

The content  of  Einstein's equations of  gravitation is that  the traces of  the 
curvature tensor (i.e., the Ricci tensor and curvature scalar) are locally deter- 
mined by the energy-momentum tensor of  the mat ter  distribution, whereas 
the conformal curvature, conveniently described by  the Weyl spinor ~ABCD, 
represents the degrees of  freedom of  the gravitational field itself. This is why 
the Petrov classification (llewpoB, 1966; Penrose, 1960), based essentially on 
the algebraic properties of  ~bABCO, is an adequate means of  characterising 
the structure of  the gravitational field, When the field admits a Killing 
motion,  there is an additional invariant structure present, however. The 
properties of  the Killing vector field evidently cannot be described in the 
framework of  the Petrov classification. 

In many cases of  theoretical importance,  like the final state of  gravitational 
collapse, certain models of  the Universe and almost in all experimental  situa- 
tions (with the possible exception of  the gravitational wave experiments)  the 
gravitational field is stat ionary so that there is a time-like Killing field present. 

-~ Work honoured by a Fifth Gravity Research Foundation Award in 1973. 
$ Present address: Central Research Institute for Physics Budapest 114, P.O.B. 49, 

Hungary. 
§ Leverhutme Visiting FeUow. 

Copyright © 1974 Plenum Publishing Company Limited. No part of this publication may 
be reproduced, stored in a retrieval system, or transmitted, in any form or by any means, 
electronic, mechanical, photocopying, microfilming, recording or otherwise, without 
written permission of Plenum Publishing Company Limited, 

217 



2 1 8  Z O L T / ~  PERJ]~S 

The stationary gravitational field is the subject of this essay. The spinor 
approach adapted here takes advantage of the presence of a Killing field 
right at the outset. It has always been an unsettled problem how the Killing 
symmetries fit into the general-relativistic spinor formalism. In Section 2 we 
shall show that a natural spinor description of the stationary fields is available 
in a three-dimensional Riemannian background spacer (being essentially the 
space of the Killing trajectories (Geroch, 1971)). 

In Section 3 we present the spinor equations of the stationary vacuum. 
The gravitational field appears on the background space represented by a 
symmetric spinor GAB. The eigenrays of the gravitational field which have 
been introduced in earlier papers (Perj~s, 1970; Lukfics & Perj6s, 1973) by 
more sophisticated tensor methods emerge here as the integral curves defined 
by solutions ~A of the eigenvalue problem G ~ B  =/l~A. 

A detailed study of the geometry of eigenrays will be presented in Section 
4. This provides us with the basis for classifying the stationary space-times. 
The relation between the eigenrays and the background Ricci tensor of the 
vacuum as well as the bearing of the Petrov classification to the proposed 
scheme completes the discussion of  Section 4, Finally, Section 5 is devoted to 
the structure of stationary electrovac fields. Both well-known stationary 
metrics and solutions derived recently by use of the present approach are 
shown to arise under simple assumptions fitting into a coherent picture 
(Tables 1 and 2). 
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t Some formal developments in an SU(1,1) spinor approach to space-like Kilting 
motions have been made by Luk~cs (1973) and Perj6s (1972). 
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TABLE 2. Electrovac types 
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2. The Killing Spinor 

We shall be relying here on the well-known Infeld and van der Waerden 
,version of SL(2, 6) spinor theory ~enrose, 1960; Infeld & van der Waerden, 
1933). Our primary object is a one-index spinort ~h which transforms 
according to the rule 

~A = AAB~B (2.1) 

[A~]  being an dement of the SL(2, 6) group. When considering com- 
ponents rather than abstract geometric objects, it is convenient to introduce 
the Hermitian connecting quantities a**AC' satisfying 

OuA c, ~B c' + OvAC , OuB c" = 8vUeAB (2.2) 

Contractions with the time-like Killing vector K u yield 

KAc'KB c' = ½feaB (2.3) 

where KAc' = 0~AC 'K# is the Killing spinor and f = KuK u so that in a stationary 
field f > 0. 

The Killing spinor has a primed and an unprimed index and, consequently, 
it can be used for establishing a correspondence between the two kinds of 
indices. Then, to any given spinor ~i, one can assign its 'adjoint spinor' ~+A 
by 

t Spinor indices take the values 0 and 1. Primed spinor indices (with values 0' and 1') 
are transformed by the complex conjugate quantities AA'B ,. Spinor indices are raised and 
lowered by the skew-symmetric spinor e AB and its inverse e ~ ,  respectively. Greek tensor 
indices range over 0, 1, 2 and 3. The signature of the metric is chosen ( + - - - ) .  
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The advantage of including the factor x/(2/f) in the above definition is that, 
according to equation (2.3), for the double adjoint one can neatly write 

t++A = _~A (2.5) 

The complex conjugate of a spinor invariant, say tA~?a, is the contraction of 
the corresponding adjoint spinors: 

ga '~a'  = ~+An+a (2.6) 

The above construction is essentially a covafiant form of the SU(2) spino, 
theory where unpfimed upper indices are considered equivalent to primed 
lower indices (Smorodinski, 1965): t ° +~ {o', ~1~+ {,,. In fact one can take, 
at least locally 

This representation of the Killing spinor gives rise to a restriction of the per- 
missible spin transformations. The subgroup of the transformation matrices 
[A~]  preserving the form (2.7) is precisdy the SU(2) group. Using repre- 

sentation (2.7) it can also be seen that the norm II t II d-2e (t+atA) 1/2 of a one- 
index spinor t a  is non-negative: 

II t A  [I 2 = t + A t A  = I t012 + I~l  t z > 0 (2 .8 )  

In order to avoid formal complications in the forthcoming discussion, it 
will be advantageous to introduce a special coordinate system in which the 
Killing field has the components Ku = 6u o. The remaining coordinate free- 
dom is'~ 

t '  = g2t + u (x i) (2.9a) 

x 'i = x ' i (x  ~) (2.9b) 

with g2 = const. In this coordinate system the metric field quantities appearing 
in the line element 

ds 2 = f (dt + oa i dx i )  2 -- f - l  gtk dx  i dx  k (2.10) 

are independent of the time coordinate t = x ° and so can be chosen the 
connecting quantities and Killing spinor KAa'. 

Quantities gik transform under (2.9b) like components of a symmetric 
tensor. Hence we can envisage gil~ as the (positive-definite) metric of a three- 
dimensional Riemannian space, In asymptotically flat space-times the para- 
meter f2 is conveniently chosen to be unity. In more general situations the 
effect of (2.9a) is a conformal re-scaling gik ''> ~22gik by a constant g22 factor. 

Lower case Roman indices range over the values 1, 2 and 3, and are lowered and 
raised by gilt and its inverse g / , respectively. The numerical Levi--Civita symbol is 
written eij k. 
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By a straightforward generalisation of (2.4), all primed spinor indices may 
be converted, into unprimed ones. For instance, the 'SU(2) connecting 
quantities' dAB can be introduced by 

• def ~/2 i C' 
a~a~ = - ~ - a A  KI3C' (2.11) 

These quantities have, by equation (2.2) the properties 

= (2 .12a)  
A C A C 

aiC CiIB + O]C aiB = gi] ~A (2.12b) 
A C A C _  oic  ojB - oiB -  /(2)ieijka k A , / g  (2 .12c )  

Equation (2.12c) tells us that the matrices [e/AB] (for a fixed value of i) are 
essentially generators of the SU(2) group. 

From the Hermiticity of the connecting quantities O~c, it follows that 
[a/AB] matrices are Hermitian. Oddly enough, this is written in a covariant 
notation as 

a ~  = -o/AB (2.13) 

The fundamental spinor cAB on the other hand, is self-adjoint; 

e~B =eAB (2.14) 

The curvature tensor of the 2-space with metric gik can be decomposed 
into the curvature scalar R and the trace-free part of the Ricci tensor corre- 
sponding to a self-adjoint four-index symmetric spinor, 

1 R + Rile -- ~gik ~ ¢I)ABCD ; dPABCD = q~ ABCD (2.15) 

In the presence of the Killing spinor KAA', the algebraic properties are 
more diversified as compared to the general SL(2, C) formalism. The reason 
for this is that in a canonical decomposition of the forint 

q0(AB... R) = ff(A~B- • - P R )  (2.16) 

it is not only the principal spinors which may be pairwise proportional; 
specialisations extend to adjoints of principal spinors too. This means that 
w e  can have either Ot A Oc ~A o r  tR~ cc ~A (but C~ A = ~/Og~ would imply OL A = 0 
since O~AO~ +A = T/Cg~0t 4"A = 0 ) .  

3. Spinor Derivatives and the Eigenrays 

The covariant derivatives of 3-tensors are formed by using the 3-metric 
gik. A covariant 3-derivative of spinor fields with the standard properties 
(lineafity, reality, Leibnitz rule) can also be defined. We postulate, by 

t R o u n d  index bracke t s  deno te  symmetr i sa t ion .  Fo r  a symmet r ic  spinor ,  e.g., we 

have ~OAB.." R = ~(AB .,. R)- 
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analogy with the four-dimensional spinor analysis (Pirani, 1964), 

VieAS = 0 = viakAB (3.1) 

The spinor affme connection FBA, appearing in the covariant derivative 

Vi~A = 3~A/OX i -  P ~ B  (3.2) 

can be expressed, using (3.1), as follows: 

1 B c 0 ~  i / =- ok ( Ac/ x + OAc) 0.3) 

Having introduced the spinor derivative operation, we find that the 
covariant derivative of the quantity x / ( 2 / f ) K  AA , appearing in the spinor 
adjoint (2.4), vanishes. Ttzat is to say, the operations of covariant derivation 
and adjunction commute. 

The field equations of stationary space-time take a remarkably simple form 
in the spinor notation. Introducing the complex 3-vector (Perj6s, 1970) 

der V ; -  Vxwf 2 
G = (3.4) 

2f 

we have, for instance the vacuum equations in the tensor form 

Rik + GiGk + GiGk -- 0 (3.5a) 
( V -  G + G). G = 0 (3.5b) 

( V -  G + C_,) x G = 0 (3.5c) 

Writing G B = a ~ G i  and V~A = a/A B Vi, these equations are concisely put as 

+ (3.6a) ~ABCD = G(ABGCD) 

(V~ - C~  - G÷~ )G c = 0 (3.6b) 

where ~ABCD is the (trace-free) Ricci spinor (cf. (2.15)). 
From (3.6a) it is straightforward that ~ABCO is locally determined? 

by GAB. The principal s~inors of GAB are solutions ~A of the eigenvatue 
problem 

GA B ~B =/I~A (3.7) 

With the exception of the case G. G = 0, there are two linearly independent 
eigenspinors ~A- 

The spinor ~A defines a real vector I in the 3-space of metric gik : 

/f= ~/(2) CriAB ~+A ~B (3.8) 

In a general stationary field, with matter present, (3.6a) contains matter field terms 
too. 
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(the x/2 factor is included here for later convenience). It also determines a 
complex null vector m orthogonal to 1 by 

m i = oJAB~A~B (3.9) 

This complex vector spans a real plane element with normal 1. Thus, a one- 
index spinor ~A defines a complete vector basis in the 3-space. Normalizing 
to unity, i.e. taking 

~+A~ A = 1 (3.10) 

we obtain a complex vector basis with 1.1 = m.  m = 1 and all other scalar 
products between basis elements vanishing. 

The propagation properties of the vector basis (I, m, ha) are conveniently 
characterised by the complex rotation coefficients (or, equivalently, SU(2) 
spin coefficients (Perj6s, 1970)) 

~ k  li K = - - l i ;k lkm i, p = mi; k , o = mi ;kmk t  i, r = mi ;k~zk~  ~, 

e = mi;klk~l i (3.11) 

denoting covariant derivation by a semicolon in the suffix. The first curvature 
of the congruence of curves with tangent vector I is given by g. The divergence, 
curl and complex shear of the congruence is given, respectively by Re p, Imp 
and e. 

When ~A is chosen a solution of (3.7), the curves with tangent vector 1 may 
be called the eigenrays of the gravitational field. In static space-times (with G 
real) the eigenrays are the orthogonal trajectories of the equipotential surfaces 
f =  constant in the 3-space. In the generic case, however, the geometric picture 
is more complicated (Perj6s, 1970) and there may be two solutions of the 
eigenray problem.? The geometry of eigenrays, as is seen from equation (3.7), 
is closely related to the algebraic type of the gravitational field. These 
together will serve as a basis for classifying the stationary gravitational fields 
in the following sections. 

4. Types o f  Stationary Space-Times in vacuo 

In a conventional tensor approach to the classification problem, one may 
consider the eigenvalue equation of P/k ~ fR~  - ½6~R (i.e., the trace-free 
Ricci tensor), 

Pikvk = ~ i  (4.1) 

Though equation (4.1)may appear to be unrelated to the geometry of eigen- 
rays, a natural connection between the two emerges in the spinor notation. 
Let us illustrate this on the important example of the degenerate (type D) 
class (Perj4s, 1969) to which all static vacuum metrics and the axisymmetric 

t This was first pointed out by R. Penrose. 
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Papapetrou (1958) solutions also belong. For type D fields, two of the eigen- 
values in (4.1) are equal so that, from field equations (3.6a), it follows 

G cc ~, (4.2) 

Using the canonical decomposition 

GAB = cc(A/~13) (4.3) 

equation (4.2) is written 
+ + 

Ot(AfiB ) cc O~(A~B ) (4.4) 

Hence we have that the eigenspinors degenerate according to 

flA = r l ~  (4.5) 

For static fields GAB = f/a(Aa~) is real; G~B = --~a~-AaB) + = --~a(AaB) , so that 
rl is real. 

A further specification results from the fairly restrictive condition G = 0. 
From field equations (3.6a) it follows that the only stationary vacuum with 
G = 0 is the Minkowski space-time.t The weaker condition G. G = 0 offers 
slightly more generality. Then G is a complex null vector so that we may call 
these fields type null (N). In the canonical decomposition (4.3) the two 
eigenrays coincide; GAB = a(AaB). Field equations (3.6)imply that the eigen- 
rays o f  type N fields are geodesic and shear-free. This represents, in three 
dimensions, the Goldberg-Sachs theorem (Pirani, 1964). With the exception 
of the Minkowski space-time, a type N field cannot be asymptotically flat 
since in an asymptotically flat space the leading term in G at infinity must be 
real. We may possibly interpret the type N fields as gravitational standing 
wave solutions. The plane-fronted standing waves are given by O = 0 (non- 
diverging and non-rotating eigenrays). The line elements for type N fields 
with both p ~ 0 and p = 0 are shown in Table 1. When p ~ 0, the type N field 
equations can be written 

3 I t 
0-z ~-~ In P = ~p5 + 8(Re z) ~ 

~ 1 
- - - - a  = (4.6) 

(See Table 1). 
The~classification scheme can be further refined by considering the 

propagation properties of the eigenrays in each algebraic class (Table I). The 
Schwarzschild field, being a static solution, is of type D, but it also is 
exceptional in possessing geodesic and shear-free eigenrays. Its important 
generalization, the Kerr metric is of type G (general) but still it has geodesic 

t For the Minkowski space-time we have R = 0. The field equations preclude the 
R 4= 0 constant 3-curvature solutions for both vacuum and electrovac fields. 
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and shear-free eigenrays. The general solution of the class with shearing 
geodesic eigenrays has been found by K6ta and the author (1972). The 
resulting line elements do not contain the Kerr solution as a limiting case, 
rather they are asymptotically non-flat. One of the line elements in this class, 

fOr v° r2V ° + Q2 
ds 2 - r2V° + 02 ( d t -  27°x( f ° ) - lQ  dy) 2 fOrV° 

x (dr 2 + r l - ° ° d x  2 +rX+a°dy2) (4.7) 

¢~2 0 2 
(j-o Q, eo and 3, 0 are real constants and u v +]  = 1) is a type D Papatetrou 
solution. 

The Petrov classification of the Weyl spinor (Penrose, 1960) ~ABCD does 
not specify the properties of the Killing field for a stationary space-time and, 
as such, tells less about the geometry. It is still worthwhile, however, consider- 
ing the relation between the two schemes. We define a convenient spinor dyad 
in terms of the normalized eigenspinor ~ 

oA = ~A, CA = ~ (4.8) 

Using the notation Go = G. 1 we find (Perils, 1970) 

~0  -'~ I~ABCD OAOBOCOD = -2aGo 

I~ t ~ ~/ABcDoAoBoC~ D -= "~/( f )gG 0 

~J2 --~ ~ABCD oAoB¢CL D = f ( P  4: Go)Go 

(4.9a) 

(4 .9b)  

(4.9c) 

(4.9a) shows that 1 lies in one of the principal null directions when a = 0. For 
shear-free geodesic eigenrays (×= o = 0) we have further that ~o = ~1 = 0, the 
space-time being algebraically special in the Petrov sense. The eigenspinors of 
the K6ta-Perj6s solutions (with o 4= 0) on the other hand, are not proportional 
to a principal spinor of ~ABCD- In fact, by transforming to a new spinor basis 
for which ~o = 0, we find that they are of Petrov type I. Finally, for the null 
fields we have Go = 0 and, from equations (4.9), ~o = ~1 = ~2  = 0, SO that 
the Petrov type is III or more special. Unlike in the present scheme, no general 
statement can be made about the static vacuum fields in the Petrov classifica- 
tion. 

5. Electrovac Types 

Stationary electrovac fields are characterised by the presence of a time- 
independent, sourceless Maxwell field in the space-time (Synge, t960). The 
Maxwell field is given by a complex 3-vector H the real part of which can be 
interpreted as the electric field and the imaginary part as the magnetic field 
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(Perj~s, 1971a, b). The field equations can be written 

( V -  G) .G = f i . H -  G .G  

V x G = f i x H - G x G  

(V - G). n = ½(G - C,). n 

Vx H = -½(G + ~) x n 

Rik  = - G i G  k - GiGk +Hi l l  k + t~iH k 

(5.1a) 

(5.1b) 

(5.1c) 

(5.1d) 

(5.1e) 

The appearance of the Maxwell vector H in (5.1 e) gives rise to a significant 
complication in the structure of the field. In addition to the eigenrays of the 
gravitational vector G we can define eigenrays of H. G and H have a common 
eigenray congruence when 

(G × HV -- 0 (5.2) 

The algebraic properties of G and H together will determine the structure of 
the Ricci tensor. A convenient way of revealing the properties which are 
common to both G and H is to consider the eigenvalue problem Pikvk = Xv i 
as the basis of the classification. The picture so obtained will be completed 
by taking into account the geometric properties of the eigenrays. 

The strongest possible condition PC = 0 already allows a wide class of 
solutions. These are the fields with a flat background 3-space. The general 
solution of the problem has been found by Israel & Wilson (1972) and 
Perj~s (1971 b). The resulting metrics can be interpreted as the external 
regions in the presence of charged spinning bodies held in equilibrium by the 
balanced electromagnetic and gravitational forces. The appropriately charged 
(e 2 = m 2) Kerr-Newman solution is a particular member of this class. 

The degeneracy condition Xl = X2 for electrovac fields turns out to be, 
from equation (5.1e), 

(G x G - f i x  H) 2 = - 4 1 G  x H 12 (5.3) 

For static space-times (G real) the Maxwell vector H can be made real by a 
duality rotation. Hence we have that a static electrovac field is of degenerate 
type provided G and H have common eigenrays. This further means that the 
equipotential surfaces, f =  const, and Ao = const. (Ao being the time-like 
component of the electromagnetic potential), pairwise coincide. Solutions of 
this type are the axisymmetric Weyl (1917) metrics and the Bonnor (1966) 
metric obtained from the Kerr solution (Table 2). 

The Kerr-Newman field satisfies (5.2) and its two eigenray congruences 
are common to both G and H. The two eigenspinors are also the (double) 
principal spinors of the Weyl curvature. The eigenrays of the Kerr-Newman 
field are geodesic and shear-free. 

One can explicitly solve the equations of etectrovac fields with a common 
geodesic eigenray congruence, even when the shear o is non-vanishing. The 
general solution has been found by Lukgcs & Perj6s (1973). Quite similarly to 
the corresponding vacuum case, the charged Kerr solution cannot be obtained 
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from this class m the shear-free limit a ~ 0. One of  the Luk~cs-Perj6s metrics 
is singularity-free. This is given by 

f o  ( ao )2 
ds 2 - dt  - sh(2a ° Q)x cos z cos 

cos z cos e 2-Y ; o  

x (dr 2 + e -2a°r dx 2 + e 2o°r dy 2) 

a# = eiO°x/(fO) chl/2(2aOQ) t gz i ;  z = a°(r + iQ) (5.4) 

where • is the electromagnetic potential  and o °, Q, fO, ~oo are real constants. 
The common eigenray congruence is characterized here by  0 = 0. 
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